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Abstract 

To avoid the problems which are connected with the long distance 
behavior of perturbative gauge theories we present a local construction 
of the observables which does not involve the adiabatic limit. First we 
construct the interacting fields as formal power series by means of causal 
perturbation theory. The observables are defined by BRST invariance 
where the BRST-transformation s acts as a graded derivation on the al- 
gebra of interacting fields. Positivity, i.e. the existence of Hilbert space 
representations of the local algebras of observables is shown with the help 
of a local Kugo-Ojima operator Qi nt which implements s on a local al- 
gebra and differs from the corresponding operator Q of the free theory. 
We prove that the Hilbert space structure present in the free case is sta- 
ble under perturbations. All assumptions are shown to be satisfied in 
QED in a finite spatial volume with suitable boundary conditions. As a 
by-product we find that the BRST-quantization is not compatible with 
periodic boundary conditions for massless free gauge fields. 

PACS. f Lf5.-q Gauge field theories, ff.15.Bt General properties of 
perturbation theory 



1. Introduction 

The long distance behavior of nonabelian perturbative gauge theories is plagued 
by serious problems. In massless theories there appear infrared divergences in 
the adiabatic limit g — > const, of the S-matrix, where g is a space-time depen- 
dent coupling 'constant'. In QED these divergences are logarithmic and cancel 
in the cross section. (This is proven at least at low orders of the perturbation 
series [jl5|.) Moreover, Blanchard and Seneor [|| proved that the adiabatic limit 
of Green's and Wightman functions exists for QED. But in nonabelian gauge 
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theories the divergences are worse. Perturbation theory seems to be not able 
to describe the long distance properties of these models ("confinement"). In 
massive theories the infrared divergences are absent, but e.g. in the electroweak 
theory an S-matrix formalism suffers from the instability of some particles, e.g. 
the W-, Z-bosons and the muons and taus. States containing such particles 
belong to the physical state space, but they cannot appear as asymptotic states 
of the S-matrix for t — > ±00. 

Our way out is to construct the observables locally. We consider a fixed, 
open double cone OcR 4 . The coupling 'constant' g has compact support and 
takes a constant value on O 

jeP(R 4 ), g(x) = e = const., VxeO. (1.1) 

The interacting fields are defined by Bogoliubov's formula Q 

A intc (x) = ^ T 5(£)" 1 5(£ + hA)\ h=0 , (1.2) 
ioh(x) 

and the time ordered products T(C(xx)...C(x n )), which appear in the S-matrix 
S(C) = f^^ f d i x 1 ...d 4 x n T(£(x 1 )...£(x n )), (1.3) 

71=0 U ' 

are constructed by means of causal perturbation theory ||, ||, [l^, |l^, |l7| . The 
interacting fields A- m t c (x) (A is a Wick polynomial of incoming fields) are formal 
power series of operator valued distributions on a dense invariant domain T> in 
the Fock space of incoming fields. They depend on an interaction Lagrangian 
C which is a Wick polynomial of incoming fields with testfunctions g G P(R 4 ) 
as coefficients. 

The crucial observation is that the dependence of the interacting fields on 
the interaction Lagrangian is local, in the sense that Lagrangians C\ and £2 
which differ only within a closed region which does not intersect the closure of 
O, lead to unitarily equivalent fields within O, i.e. there exists a unitary formal 
power series V of operators on T> such that 

VA-^cAx^- 1 =A iatC2 (x), VxeO, (1.4) 

and V does not depend on A |J. The proof of (1.4) relies on the causal factor- 
ization of the time ordered products. 

The field algebra T{0) which is generated by 

{Aintdf) = / d A xA- mtc {x)f{x)\f S V(0)} (1.5) 

is up to unitary equivalence uniquely determined by g\o- Since O is arbitrary, 
the full net of local algebras can be constructed without ever performing the 
adiabatic limit g — > constant. 
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In gauge theories the (local) algebras of interacting fields contain unphys- 
ical fields like vector potentials and ghosts. They can be eliminated by the 
BRST formalism. But it remains to show that the algebra of observables can 
be (nontrivially) represented on a Hilbert space. 

In the free theory positivity can be verified by an explicit calculation. For- 
mally, in the adiabatic limit, the positivity is hence valid also for the interacting 
theory. We show, that for a localized interaction (i.e. before the adiabatic 
limit), the physical Hilbert space can be obtained as a deformation of the free 
one (sect. 2). The construction relies on some assumptions, which are verified 
for the example of QED (sect. 3). To avoid a volume divergence in Q mt we 
embed our double cone O into the cylinder R x Cl, where R denotes the time 
axis and Cl is a cube of length L. In sect. 4 we point out the importance of 
a suitable choice of boundary conditions for the BRST-quantization of massless 
free gauge fields on R x Cl- 

We hope that due to its local character, our construction can be generalized 
to curved space-times, continuing the program of |tJ. 

2. Connection of observable algebras and field 
algebras in perturbative gauge theories 

2.1 Local construction of observables in gauge theories and 
representation in the physical pre Hilbert space 

Let T be a Z2-graded *-algebra, e.g. the algebra of fields of a gauge theory 
where the Z2-gradiation is (— 1) 5 ( F ) with the ghost number 5(F). To get rid of 
the unphysical fields, we use the BRST-transformation s which is a graded 
derivation on T with s 2 = and s(F*) = -(-l) 5( - F h(F)* . 

The kernel of s, Aq := s -1 (0), is a *-subalgebra of T and A^a :— s(!F) is 
a 2-sided ideal in A®. Hence we may define the algebra of observables as the 
quotient 

A^^. (2.1) 

We ask now under which conditions A has a nontrivial ^representation by 
operators on a pre Hilbert space. For this purpose we work with the Kugo- 
Ojima formalism Q). We assume that T has a faithful representation on an 
inner product space (K., <.,.>) such that < F*(j), tp >=< 0, Ftp >, VF e T , 
and that s is implemented by an operator Q on K, i.e. 

s(F) = QF-(-l) s ^FQ, (2.2) 

such that 

< Q4>, ip >=< 0, Qip > and Q 2 = 0. (2.3) 

Note that if the inner product on K, is positive definite, we find < Q<j), Q4> >= 
< <p,Q 2 (j> >— 0, hence Q = and thus also s = 0. Hence for nontrivial s the 
inner product must necessarily be indefinite. 
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Let /Co = Ke Q be the kernel and /Coo the range of Q. Because of Q 2 = we 
have /Coo C /Co- We assume: 

(Positivity) (i) < <j>, <j> >> V</> G /C , 

G /C 00 . (2.4) 

V'i S := </>j + /Coo 

(2.5) 

(2.6) 

= ^ + -4oo) §. 
2.2 Stability under deformations 

It is gratifying that the described structure is stable under deformations, e.g. 
by turning on the interaction. Let K, be fixed and replace F G T by a formal 
power series F = J2 n 9 n Fn w ^ Fo — F and F n G J 7 , <5(.F rl ) = const. In the 
same way replace s and Q by formal power series s = J2 n 9 ns ni Q — J2 n 9 n Qn 
with sq = s, Qq = Q and 

s 2 = 0, Q 2 = 0, < Q<f>, tp >=< (f>, Qi> > and s(F) = QF - (-1) S ^FQ. 

(2-7) 

We can then define A = . /Co and /Coo have to be replaced by formal power 
series /Co := KeQ and /Coo : = RaQ with coefficients in /C. Due to the above 
result (2.6), the algebra A has a natural representation on 7i. d = -So-. The inner 

/Coo 

product on /C induces an inner product on TL which assumes values in the 
formal power series over C. We adopt the point of view that a formal power 
series b = ^2 n g n b n , b n G C is positive if there is another formal power series 
5 = J2 n 9 n Cn, c„ G C with c*c = b, i.e. 6„ = Y,k=o ^c n -k- (cf. §]) 

The assumptions concerning the positivity of the inner product are auto- 
matically fulfilled for the deformed theory, if they hold true in the undeformed 
model j|. 

Theorem 1: Let the positivity assumption (2.4) be fulfilled in zeroth order. 
Then 

(i) < V</> G K Q , 

(ii) 4> G IC A < 4>, 4> >= => G ^oo- 

(iii) For every <f> G /Co there exists a power series G /Co with (0)q = 0. 

(iv) Let 7r and 7f be the representations (2.6) of A, A on H, H respectively. 
Then %(A) ^ if 7r(A ) ^ 0. 

From parts (i) and (ii) we conclude that TL = is a perturbative analog 
of a (pre) Hilbert where the scalar product assumes values in the formal power 



and (ii) G /Co A < cj), (f> >= =>■ 
Then 

n . def /Co r / l r / l def , , 

n = —, < [0ij, [02j >n- = <ipi,ip2>K, 



is a pre Hilbert space and 
is a representation on 7Y (where A E Ao, cj) E ICq, [A] :- 



ir([A])[<l>] = [■**] 
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series over C. Note that <j> — > <j> is non- unique and this holds also true for the 
induced relation between H and ft. A consequence of part (i) of the theorem is 
the positivity of the Wightman distributions of s -invariant fields ||. 



3. Verification of the assumptions in models 

Kugo-Ojima JlJ] argue that at asymptotically early times the interacting fields 

dcf X 

tend to the free incoming fields. Since Q m t — Q is conserved, it coincides with 
the free one Q = Qo- Hence it is sufficient to check the assumptions for the 
free theory. But the BRST-current (i.e. the current belonging to Qi n t) is only 
conserved in regions where g is constant (see below and ||). Hence, the Kugo- 
Ojima procedure involves the (partial) adiabatic limit for t — > — oo, which is 
difficult to control. The argument does certainly not work in nonabelian gauge 
theories (as can be seen by an explicit calculation of the first order of Qint) ||. 
We therefore prefer not to work in the adiabatic limit. The price to pay is that 
Qint does not agree with Q, so for the construction of the physical Hubert space 
we have to check the assumptions of section 2. We do this for QED. We see no 
principle obstacle for the generalization to nonabelian gauge theories. But the 
details still need to be worked out 01. 



3.1 Free QED 

The field algebra T is generated by the free photon fields A M in Feynman gauge, 
the free spinor fields ip and tj), a pair of free ghost fields u and u, the Wick mono- 
mials =: tpj^tp : , j^A^tp, ipj^A^, j^A^ 1 and the derivated free fields d^A^, 
piiv _ q^j^v _ qv A}i _ This algebra is faithfully represented on a Krein space 
which is given by the usual Fock space of free fields and a Krein operator which 
defines the indefinite inner product. The graded derivation s is determined by 
the BRST-transformation of free fields 

s(^) = id^u, s(ip) = 0, s($) = 0, s(u) = 0, s(u) = -id^Ai* (3.1) 

and by translation invariancc of s. This transformation is implemented by the 
free Kugo-Ojima charge [ pToj ] 

Q d = / d 3 x(d v A v (x))d u(x), (3.2) 

J xq= const. 

which fulfills^ Q* = Q, and Q 2 = 0. In addition the inner product < ., . > is 
positive semidefinite on Ke Q and the space of nullvectors in Ke Q is precisely 
RaQ (@g) 

1 We restrict all operators (resp. formal power series of operators) to the dense invariant 
domain T> and, therefore, there is no difference between symmetric and self-adjoint operators. 
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3.2 Construction of the interacting Kugo-Ojima charge in 
QED 

In QED the interaction is given by 

C(x) = g(x) : ^(zh^(z)V(z) 9 G ^(R 4 )- (3-3) 

We fix the double cone O to be the causal completion of the surface {(0, x), |x| < 
r} and assume the switching function g G 2?(R 4 ) to be constant on a neigh- 
bourhood U of O (1.1). We study the algebra TiO) (1.5) of interacting fields 
localized in O. The ghost fields do not couple in QED, hence Ui„t c(%) = m(:e) 
and Mi n t£(x) = u(x) The interacting fields can be normalized such that they 
fulfil the field equations Q |ll| 

v<tAx) = -9(x)j£ stC (x), (3.4) 

{i^d" - m)V>intz:(x) = -gtofaAPtytatcix), (3.5) 
electric current conservation 

^ Ant £ 

and the following commutation relations at points x, y G O 



9Ac = * (3.6) 



ML^Arfo)] =iPD(x-y), [d li A£ ttc (x),d v A& t£ (y)]=0, (3.7) 

[^4ntz:( a; )>mt£(y)] =-D(^-y)eV'mt£(y), (3.8) 

where D is the massless Pauli- Jordan distribution. 

The abelian BRST-transformation s = sq + gs\ Q is a graded ^-derivation 
with zero square which induces the following transformations on the basic fields, 

KKtcW) = id^{x), s(u(x)) = 0, s(u(x)) = -id^ c (x), 

sCPiat c{x)) = -eifj int c{x)u(x), s(ip iat c (x)) = eip- mt c (x)u(x) (3.9) 

for x € O. (The pointwise products above are well defined.) 
On T((D) s is implemented by the operator 

Qint(<7,fc)= / d 4 xk(x)(d„Ay atC (x))d X u(x) (3.10) 

(where k G £>(W) is a suitably chosen smeared characteristic function of the 
surface {(0,x), |x| < r}). Note that [Qint(g), F] T , F G T(0) is independent of 
k, since the BRST-current d^A? nt c (x)d^*u(x) is conserved within U. Qi n t(g, k) 
is hermitian for real valued k and nilpotent, 

Qint{g,k) 2 = l;{Qint{g,k),Qint{g,k)} = 

= \l afxHx) f d 4 yh(y)[d,A^ tc (x),d,Al tc (y)]T d V u(x)u(y)^0, (3.11) 
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by means of (3.7). 

But we need in addition that the zeroth order term Qo(k) of Qi n t(<7, k) (3.10) 
satisfies the positivity assumption (2.4). There seems to be no reason why this 
should hold for a generic choice of k. One might try to control the limit when 
k tends to a smeared characteristic function of the t = hyperplane (in order 
that Qo(k) becomes equal to the free charge Q (3.2)), but without an a priori 
information on the existence of an s-invariant state this appears to be a hard 
problem. 

There is a more elegant way to get rid of these problems which relies on 
the local character of our construction. We may embed our double cone O 
isometrically into the cylinder R x Cl, where Cl is a cube of length L, L^> r, 
with suitable boundary conditions (see sect. 4), and where the first factor 
denotes the time axis. If we choose the compactification length L big enough, 
the properties of the local algebra T(p) are not changed. 

We assume the switching function g to fulfil 

g (x) = e = constant Vx e O U {(x , x)\ \x \ < e} (r > e > 0) (3.12) 

on R x Cl and to have compact support in timelike directions. Now we may 
insert 



into the expression (3.10) for Qint- The zeroth order Qq then agrees with the 
free charge Q on Cl (3.2), hence we may apply Theorem 1. 

We emphasize that our construction shall describe QED also in the non- 
compactified Minkowski space (this is the main concern of the paper) and, 
therefore, should not depend on the compactification length L. On the level 
of the algebras this is evident. We conjecture that also the state space (i.e. the 
set of expectation functional induced by vectors in the physical Hilbert space) 
is independent of L, but this remains to be proven. 

An open question is the physical meaning of the remaining normalization 
conditions in a local perturbative construction, after the restrictions from gauge 
invariance and other symmetries were taken into account. The parameters in- 
volved may be considered as structure constants of the algebra of observables, 
but their usual interpretation as charge and mass involve the adiabatic limit. 

4. Boundary conditions for massless free gauge 
fields in a finite volume 

The purpose of this section is to demonstrate the importance of a suitable choice 
of boundary conditions. First we show that the BRST-quantization is not com- 
patible with periodic boundary conditions for massless free gauge fields. 

Let T 3 be the 3-torus of length L. The algebra of a free massless scalar field 
ip on R x T3 with periodic boundary conditions is the unital *-algebra generated 



k(x) := h(xo) 



where 





(3.13) 
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by elements (p(f), / £ T>(R x T3) with the relations 

/ ^ ¥>(/) is linear, (4.1) 

¥>(□/) =0, (4-2) 

¥>(/)* = ¥>(/), (4-3) 

Mf)^(g)} = I d i xd i yf(x)g{y)D L {x,y), (4.4) 



where Dl is the fundamental solution of the wave equation on R x T3 with 
periodic boundary conditions, which has the explicit form 

D L (x ,x,y°,y) = ]T D(x° - y°, x - y - n). (4.5) 
Bez 3 

In particular one sees that Dl coincides with D (the massless commutator func- 
tion on Minkowski space) on O if the closure of the double cone O is contained 
in R x T3, considered as a region in Minkowski space. Hence the algebra TiO) 
associated to O is independent of the boundary conditions. 
In a mode decomposition of Dl, 

D ^) = i E -l(e-— °-e— °)e^+||, (4.6) 
the zero mode plays a special role.^ The zero mode part of tp (4.1-4) is defined 

by 

Mt) = -^J T d 3 x<p(t,x). (4.7) 

The algebra of the zero mode is isomorphic to the algebra of p and q in quantum 
mechanics with the free time evolution <fo(t) = q + pt. There exists no ground 
state on this algebra. 

In Feynman gauge, the components of the photon field are quantized as 
scalar fields, with a minus sign for the commutator of the zero component. The 
zero mode of the field d^A^ is then — p°L~ 3 , which has a trivial kernel. This 
makes it impossible to impose the Gupta-Bleuler condition on the physical state 
space. 

The BRST formalism is even worse. The ghost fields are quantized by 



(u(f)+iu(g)Y = j (TxcFy f{x)g{y)D L {x - y). (4.8) 

Inserting f(x) — L~ 3 5(xq — ti) and g(y) = —L~ 3 5'(yo — t-z) we obtain 

{u (h) + idoMh)) 2 = -L- 3 (4.9) 



2 To verify (4.6) note that it is a solution of the wave equation and has the same Cauchy 
data as (4.5) for xq = 0. 
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for the zero mode parts, uq and OqUo are BRST invariant, hence they are ob- 
servables. In addition (uo(ti) + idouofo)) is hermitian. We conclude that there 
is no nonzero (pre) Hilbert space representation of the algebra of observables. 

(u , OqUq) corresponds to a 'singlet pair' in the terminology of pfl , sect. 3.1. 
Already there it was pointed out that the appearance of such a pair makes a 
consistent formulation impossible. 

The way out is to choose boundary conditions which exclude the zero mode. 
For the electromagnetic field we may use metallic boundary conditions, i.e. the 
pullback of the 2-form F vanishes at the boundary (which means that the tan- 
gential components of the electric field and the normal component of the mag- 
netic field vanish). In addition we assume that the auxiliary Nakanishi-Lautrup 
field B — O^Alu (in Feynman gauge) satisfies Dirchlet boundary conditions. 
Also the ghost and antighost fields are quantized with Dirichlct boundary con- 
ditions. The details are worked out in appendix A of [||. 

The BRST-quantization requires no restrictions on the boundary conditions 
for the electron field. For simplicity, we choose periodic boundary conditions. 
They have the big advantage that they are invariant under charge conjugation, 
hence the expectation value of the electric current (normal ordered w.r.t. the 
Minkowski vacuum) vanishes in the groundstate (of the torus) and, therefore, 
the interaction Lagrangian C (3.3) keeps the same form as on Minkowski space. 
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